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1. Introduction
Matrix transposition, which is most commonly thought of as a simple exchange of the entries of a matrix, is a similarity
transformation. While this transformation is not unique, its composition is determined by the spectral configuration of the
matrix to which it applies. We use this relationship here to show that, conversely, certain properties of the spectrum of a
matrix can be inferred from some knowledge of its transposition matrices.
The paper is organised as follows. Section 2 is a detailed analysis of the relationship between the spectrum of a matrix
and the constituents of an associated transposition matrix. In Section 3, we discuss the spectral properties revealed by
transposition matrices and an application to the product of two skew-symmetric matrices.
2. Anatomy of a transposition matrix
Given a matrixM ∈ Rn×n and its Jordan decomposition
M = XΓ X−1, γij = 0 ∀ i > j, (2.1)
where the blocks of Γ are upper-triangular, we define a transposition matrix T ofM by
MT = T−1MT .
We know from [1] that a transposition matrix is expressed by
T = XCPXT, (2.2)
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where C is any invertible matrix that commutes with Γ , and P is the matrix of a similarity transformation that transposes
the Jordan form. P , which reverses the order of the columns of each triangular block of Γ , is symmetric and involutory.
Although C , and therefore T , is not unique, the structural relationship between C and Γ hints that the spectral configuration
ofM should have some effect on determining the transposition matrices. This is the topic discussed in this section.
1. Simple eigenvalues
The corresponding elements of C form an arbitrary invertible diagonal submatrix, and those of P , an identity
submatrix. Their contributions to CP and therefore to T are always symmetric.
2. Multiple eigenvalues
i. Diagonal block.
We consider here two possible constructions that lead either to arbitrary or specifically skew-symmetric
constituents of transposition matrices.
◦ General case
The contribution to C can be any arbitrary, nonsingular submatrix of the same order as the diagonal block, and
that to P , an identity. By Eq. (2.2) the contribution to T corresponding to a diagonal block is arbitrary.
◦ Block of even order
A particular construction of this case, however, can systematically contribute skew-symmetric submatrices to
the transposition matrix when the order of the block is even. Any diagonal block of order 2r can be split into two
adjacent blocks of order r denoted by∆(i)λ , i = 1, 2, which both commute with an arbitrary nonsingular symmetric
matrix Cλ of order r . It follows that the matrices[
∆
(1)
λ 0
0 ∆(2)λ
]
and
[
0 Cλ
−Cλ 0
]
, Cλ = CTλ (2.3)
also commute. Since the transposition matrix of ∆(1)λ and ∆
(2)
λ is the identity, the contribution of the diagonal
block to C and CP is the skew-symmetric submatrix displayed above. Accordingly, the contribution to T is skew-
symmetric.
This discussion easily generalises to the decomposition of a diagonal block into any even number of diagonal
submatrices.
ii. Defective case: simple Jordan block.
The corresponding submatrix of C is an arbitrary, nonsingular, upper-triangular Toeplitz matrix, and that in P is a
matrix that reverses the order of the columns of the Jordan block. They contribute to CP a symmetric, anti-triangular
Hankel matrix, and to T , a symmetric matrix.
iii. Defective case: even number of identical Jordan blocks.
This casemirrors the secondhalf of case (2.i) in a generalisation to triangular blockswith the following twopossible
constructions.
◦ Effects of the blocks taken individually
This is the case considered in (2.ii). The corresponding constituents of T are symmetric.
◦ Effects of the blocks taken as a group
For simplicity, we consider the case of two Jordan blocks—extensions to any even number are trivial. For an
eigenvalue λ, let {Γ (i)λ }2i=1 denote a pair of Jordan blocks of dimension r , and Pr , thematrix that reverses the order of
the columns of amatrix of order r . Any arbitrary invertible upper-triangular Toeplitzmatrix Cλ of order r commutes
with any Jordan block of order r , and so does−Cλ. Now, assuming that Γ (1)λ and Γ (2)λ are adjacent, the matrices[
Γ
(1)
λ 0
0 Γ (2)λ
]
and
[
0 Cλ
−Cλ 0
]
(2.4)
commute. Hence, the associated contribution to CP of order 2r ,[
0 Cλ
−Cλ 0
] [
Pr 0
0 Pr
]
, (2.5)
is invertible and skew-symmetric, and so is the corresponding contribution to T .
3. Spectral properties revealed by a transposition matrix
It follows from the previous section that any square matrix admits symmetric transposition matrices. Conversely, the
knowledge that a symmetric transposition matrix exists does not provide any useful information on the spectrum of a
matrix.
Theorem 1. If a derogatory matrix does not admit transposition matrices other than symmetric, it is also defective, and its
eigenvalues belong to simple Jordan blocks.
Proof. The only type of spectrum associated exclusively with symmetric transposition matrices in the derogatory case
belongs to category (2.ii) of the previous section. 
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Theorem 2. If a matrix of even order admits a skew-symmetric transposition matrix, any of its eigenvalues has even multiplicity.
Proof. Only spectral configurations discussed in item (2.i) and the second part of item (2.iii) in the previous section can be
associated with a skew-symmetric transposition matrix. 
This theorem has the following application:
Corollary. Any eigenvalue of the product of two real skew-symmetric matrices, one of which is invertible, has even multiplicity.
Proof. Let A and B be two skew-symmetric matrices in Rn×n, such that A−1 exists. By the identity
(AB)T = A−1(AB)A,
A is a transposition matrix of AB. It follows from Theorem 2 that any eigenvalue of AB has even multiplicity. A proof based
on the existence of B−1 follows the same reasoning since (AB)T = B(AB)B−1. 
Peter Lax [2] produced an alternate proof of the above corollary based on Pfaff’s theorem1 for skew-symmetric matrices.
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